measure on an (n − 1)-dimensional surface in R n , with appropriate curvature, maps L (n+1)/n (R n ) to L n+1 (R n ). Motivated by this, Oberlin in [15] proved that the measure on the curve (t, t 2 , t 3 ) maps L 3/2 (R 3 ) to L 2 (R 3 ). The L p -improving behaviour of measures on curves has been extensively studied since; we refer the reader to [4] , [6] , [20] and the references cited therein. In the more abstract setting of a connected Lie group, Ricci and Stein [17] showed that a smooth measure, compactly supported on a connected submanifold, is L p -improving if and only if the submanifold generates the group.
It is an open problem, posed by Stein [19] , to characterize L p -improving measures in terms of their "size". Even on the one-dimensional torus, the focus of this paper, the only known characterization is in terms of the size of the level sets of the Fourier transform [10] . It has been speculated that although L p -improving measures can be singular, they cannot be too "small", in some intuitive sense. For example, L p -improving measures are always continuous, and positive L p -improving measures have positive Hausdorff dimension [8] . Because of the possibility for cancellation a measure can be L p -improving without the same being true for its total variation. Thus questions about the size of non-positive L p -improving measures tend to be more subtle.
In this note we show that all complex L p -improving measures have positive Hausdorff dimension and even their energy dimension (which can be smaller than Hausdorff dimension) must be positive. In fact, we obtain an upper bound on the "amount of improvement" in terms of the energy dimension. For measures with decreasing Fourier transform, positive energy dimension is seen to be equivalent to being L p -improving, however this is not true in general as there are examples of measures with energy dimension one (the maximum possible) which are not L p -improving.
L p -improving measures are known to be examples of the so-called Lipschitz measures, measures whose distribution functions are Lipschitz. We show that positive energy dimension is equivalent to being Lipschitz and to acting by convolution as a bounded operator from a restricted class of functions in L p to L 2 for some p < 2.
L p -improving measures and energy dimension.
For the remainder of the paper by a measure we mean a finite, regular, complex, Borel measure on the one-dimensional torus T.
In this case the measure µ acts by convolution as a bounded operator from
If µ is L p -improving, then an interpolation argument shows that for every choice of p there exists some
In connection with Stein's question it is natural to ask about the size of the sets on which an L p -improving measure can be concentrated. A partial answer was provided by Oberlin (private communication; see [8] ): a positive measure mapping L p to L 2 for some p < 2 has Hausdorff dimension at least 2/p − 1, where we recall that the Hausdorff dimension of a measure µ is defined as dim
As with dimensions of sets, there are other notions of dimensions of measures which give related ways to quantify the singularity of the measure. Definition 2.2. We define the energy dimension of a measure µ as dim e µ ≡ sup 0 < t < 1 :
It was shown in [12] that this definition is consistent with the classical definition of energy dimension (valid only for positive measures) given by the formula dim e µ = sup t : [12] the relation dim H µ ≥ dim e µ was established, extending the classical result for positive measures ( [7, 4.3] ). Although the two dimensions can be different, for many measures they coincide. This is the case, for instance, with the classical Cantor measure. On the other hand, all L 1 functions have Hausdorff dimension one, but their energy dimensions can be zero since their Fourier transforms can decay arbitrarily slowly. The function mentioned in Example 2.4 is such an example.
The Hausdorff dimension of a measure and its total variation are always the same. In contrast, dim e µ ≥ dim e |µ| and the inequality can occur as was shown in [12] .
In this section we obtain a characterization of measures of positive energy dimension which will allow us to show that all L p -improving measures have not only positive Hausdorff dimension, but even positive energy dimension. For the characterization it is convenient to define another property first. Definition 2.3. A measure µ is said to belong to Lip(α) if its distribution function F satisfies a Lipschitz condition of order α. This means there is a constant C such that for all x, h, 
. Applying the Cauchy-Schwarz inequality gives
).
(ii)⇒(iii). For this we will first prove that if µ ∈ Lip(α), then
Once this is established (iii) is essentially immediate as the left hand side of the inequality is µ * D n 2 2 and the right hand side is 
. This is a simple consequence of the definition of energy dimension. Since D n p ∼ n 1/p we have
and the latter sum is finite provided t < 2/p − 1.
Notice that the proof shows the following relationships.
Corollary 2.4. Let µ be a measure on T.
Our first example shows that these results are sharp in some sense.
Example 2.1. In [11] (see also the proof of Theorem 3.4) it is shown that there is an integrable function f on the torus comparable to 1/x t , for 0 < t < 1, with Fourier coefficients f (n) ∼ n t−1 . If µ is the measure with density f it is easy to check that dim e µ = 2 − 2t and that µ ∈ Lip(1 − t). The Hausdorff-Young inequality shows that µ acts by convolution from L p to L 2 for 1 − t = 1/p − 1/2. These observations show that Corollary 2.3(i) and (iii) and Corollary 2.4(i) are sharp.
As mentioned in the introduction, µ ∈ l p for some p < ∞ is a sufficient, but not necessary, condition for a measure µ to be L p -improving. In comparison, our theorem shows that a necessary condition is for µ to belong to a weighted l 2 space, with weight of the form {n t−1 } for some t > 0. But this is not a sufficient condition, as our next example illustrates. In fact, even energy dimension one is not enough. Example 2.2. In [8] an example is given of a positive, absolutely continuous measure on the torus which is in every Lipschitz class Lip(α) for α < 1, but is not L p -improving. By Corollary 2.3(iv) this measure has energy dimension one.
Example 2.3. The energy and Hausdorff dimensions of the standard Cantor measure µ are log 2/log 3, thus Corollary 2.3 implies that if µ :
This coincides with the necessary condition observed by Oberlin in [16] , but leaves a gap with the best known sufficient condition, p ≥ 2/(1 + √ 3).
Other corollaries follow from the theorem. 
Proof. Inductively choose positive integers
where K m denotes the Fejér kernel of degree m.
]. Moreover, the set E(1/2m 2 ) contains an arithmetic progression of length 2 m , namely
Suppose µ is an L p -improving measure. It is known ( [10] ) that there must exist constants a, b such that if A is any arithmetic progression of length N , then
3. L p -improving on characteristic functions of intervals. As the L p -improving property is quite strong it seems reasonable to introduce a similar, but weaker condition. Definition 3.1. We will say a measure µ is L p -improving on characteristic functions of intervals (L p -improving on intervals, for short) if there is some 1 < p < ∞, ε > 0 and constant C such that
for all intervals I.
For positive measures it is straightforward to show that a measure is L p -improving on characteristic functions of intervals if and only if it is Lipschitz, and therefore if and only if it has positive energy dimension. The main contribution of this section (Theorem 3.4) is to show that this result continues to hold for general measures.
Obviously L p -improving measures are L p -improving on intervals, but since we have already seen that there are measures with positive energy dimension that are not L p -improving, the converse is not true. As with L p -improving measures, if the inequality (1) holds for some p, then it holds for each p, with a different choice of ε. However, the interpolation theorem does not apply and we instead give a direct proof. 
Proof. Assume µ * χ I q ≤ C q χ I q−ε and fix 1 < p < ∞, p = q. Choose t ∈ (0, 1) and define r and s by 1
The generalized Hölder inequality gives
As t = 0, s < p.
The following implication is almost a consequence of the definition.
Our next objective is to prove that the two properties are equivalent.
Proposition 3.3. If µ is L p -improving on characteristic functions of intervals, then there exists p < 2 and a constant C such that
Proof. Choose q < 2 such that µ * χ I 2 ≤ C χ I q for all intervals I. Suppose first that f is a positive, decreasing step function, say
where a k are decreasing and I k are disjoint, adjacent intervals.
Let g * denote the non-increasing rearrangement of g and consider the Lorentz norm
As µ is improving on intervals,
As f * q,1 ≤ C p f p for any p > q, we have the desired result for functions of this form.
By taking limits we can extend the result to any positive, decreasing function. We can handle the general monotonic case by considering the positive and negative parts of the function. Proof. We have already seen that positive energy dimension implies Lipschitz and this implies L p -improving on intervals.
So assume µ is L p -improving on intervals. It was shown in [11] that for any t ∈ (0, 1) there are functions F t , φ and E t satisfying
with F t (n) ∼ |n| t−1 , E t bounded, and φ positive, bounded and bounded away from zero on T. Moreover, φ can be chosen to be decreasing symmetrically away from the origin. The previous proposition implies that
Because φ is bounded, the right hand side is finite provided t is chosen such that tp < 1. Since E t is also bounded it follows that µ * F t 2 < ∞. But
and the latter is comparable to I s (µ), where s = 2t−1. This implies dim e µ ≥ 2/p − 1 > 0.
Remark 3.2. The measure of Example 2.2 is L p -improving on intervals, being of energy dimension one, but not L p -improving.
The known characterization of L p -improving measures is in terms of the "size" of the sets E(ε) ≡ {n : | µ(n)| > ε} (see [10] ). An analogous (but simpler) characterization can be given for measures which are L p -improving on intervals. 
Proof. Without loss of generality we can assume µ ≤ 1. First, suppose
To prove the converse, we will first verify that µ * µ has positive energy dimension. Consider
This sum is finite provided
It is an elementary exercise to check that if |n| −t |a n | 2 < ∞ for some 0 < t < 1, then |n| −s |a n | < ∞ for some other 0 < s < 1. Thus µ has positive energy dimension if µ * µ has positive energy dimension.
The same argument given in Proposition 3.1 for characteristic functions of intervals shows that if there are some p and ε > 0 such that
for all Dirichlet kernels D n , then a similar inequality holds for all indices p and ε = ε(p). Thus our results may be summarized as follows.
Corollary 3.6. The following are equivalent for a measure µ: 
Remark 3.3. Note that Example 2.4 shows that Hausdorff dimension one is not enough to ensure L p -improving on intervals.
Examples 4.1. Cantor measures.
By a Cantor set, we mean a compact, totally disconnected, perfect subset of [0, 1], which has a construction similar to that of the standard middle-third Cantor set, however, at step k in the construction, rather than keeping closed intervals of length 3 −k , we keep closed intervals whose lengths are r k times the length of the parent interval, where r k ∈ (0, 1/2). The numbers r k are known as the ratios of dissection. The Cantor measure associated with a Cantor set is the probability measure uniformly distributed on the Cantor set. These measures are all singular; indeed, their Hausdorff dimension is equal to
It is known that Cantor measures are L p -improving if their ratios of dissection are bounded away from zero [5] , but this is not necessary as there are Cantor measures with ratios not bounded away from zero, whose Fourier transform decays sufficiently rapidly to be L p -improving [9] .
In contrast, for Cantor measures, L p -improving on intervals is characterized by ratios bounded away from zero "on average". 
With this observation we can give another example of a measure which is L p -improving on intervals, but not L p -improving.
Example 4.1. Let µ be a Cantor measure with ratios of dissection r k at step k satisfying r k = 1/z k for some z k ∈ N, where inf r k = 0 and lim sup (r 1 · · · r k ) −1/k < ∞. As seen in [9] , such a Cantor measure satisfies lim sup | µ| = µ and this cannot hold for an L p -improving measure [8] . But according to the previous corollary, µ is L p -improving on intervals.
4.2.
Other examples. In Corollary 2.5 we saw that an L p -improving measure must satisfy dim e µ k → 1. This need not be the case with measures that are L p -improving on characteristic functions of intervals.
Example 4.2. Given any s ∈ (0, 1) we construct a measure µ with dim e µ k = s for all k = 1, 2, . . .
where K m n is the Fejér kernel of degree m n and the integers d n ≥ 2 n and m n are inductively defined so that
Since for any fixed k,
it follows that
If t = s, then r(t−1)+t = 0 and thus
In [8, 1.3] an example is given of a measure which is L p -improving, but whose total variation measure is not. A modification in [12] produced an
example of a measure of energy dimension one, whose total variation measure had energy dimension zero. As a final example, we construct an L pimproving measure of energy dimension one, whose total variation measure has energy dimension zero, and so is not even L p -improving on characteristic functions of intervals. − λ)) maps L p to L 2 . The singularity of the measures µ m implies that I t (|µ|) ≥ I t (2 −m f m λ) and therefore, as in [12] , dim e |µ| = 0. Since the Fourier transform of µ is even smaller than that of the measure µ constructed in [12] , its dimension is at least as big and hence is also one.
The total variation of µ is another example of a measure with Hausdorff dimension one, but not L p -improving on intervals.
Remark 4.1. More generally, it can be shown that if µ is any nonzero measure, then there is a probability measure ν mutually absolutely continuous with respect to µ with dim e ν = 0. This can be proven in a similar fashion to [8, 1.4] . The main difference is to show that the set of multipliers which are bounded as operators from the characteristic functions of intervals in L p to L 2 is a Banach space with the norm of the operator φ equal to sup φ * χ I 2 χ I p : I interval .
We note, in contrast, that mutually absolutely continuous measures have the same Hausdorff dimension.
